
Fractals:  The Logic of Chaos 
      Reina G. Wiatt  © 2021 All Rights Reserved 

         
Fractals are graphical representations of mathematical equations that are iterated at 
different scales to produce self-similar shapes and surfaces that cannot be represented by 
Euclidian geometry.  The name ‘fractal’ was coined by Benoit Mandelbrot in the 1970’s 
to describe the composition and behavior of fractured or “wrinkled” objects such as 
coastlines, fluid motion, and plants (Mandelbrot, 1977).  Unlike applied or linear 
mathematics, abstract mathematics uses very few signifiers (Berger, 2008).  Instead, this 
branch of mathematics uses images, associations, and relationships to understand the 
phenomena of the real world. 

 
Objects that can be defined in terms of Euclidean, or traditional geometry include a line 
(dimension of 1), a square (dimension of 2), and a cube (dimension of 3).  In contrast, 
fractals are described by the Hausdorff, or non-integer dimension that measures how fully 
a fractal object fills space (Falconer, 1990).  For example, the image below in Figure 1 is 
a representation of a coastline.  This is an example of an irregular shape that cannot be 
measured using Euclidean geometry integers, thereby defining the image as a fractal 
(irregular) object. 

 

    

                                                     Figure 1 

Fractals can be described by a single equation or by a system of equations where values 
are generated by taking an initial starting value (e.g., 0) and applying the recursive 
equation(s) to that value ad infinitum by using a process called iteration.  Iteration 
(repetition) is the process of taking the output calculated from the previous iteration as 
the input for the next equation (Mandelbrot, 1977).  Iteration methods include the L-
systems, Integrated Function Systems (IFS), Brownian motion, Diffusion Limited 
Aggregation (DLA), and Midpoint Displacement.  A simple example of iteration using 
the linear equation of 5 + x/2 is shown below in Figure 2.   
 
 
 
 
 
 

 



 

The first iteration substitutes 0 for the value of x and yields a value of 5. 
 

5 + 0/2 = 5 
 
The second iteration substitutes 5 for the value of x and yields a value of 7.5. 
  

5 + 5/2 = 7.5 
 
The third iteration substitutes 7.5 for the value of x and yields a value of 8.75. 
 

7.5 + 7.5/2 = 8.75 
 
By continuing these iterations, an infinite set sequence is created: {0, 5, 7.5, 8.75…} 

     
Figure 2 

 

Fractal shapes are then formed by graphing the iterated values of single or multiple 
equations on a complex (real and imaginary) plane.  An example of a fractal shape 
created by iteration is shown below in Figure 3.  A recursive set of equations are iterated 
multiple times and the values generated are then plotted on a grid.  The initial iteration  
produces the outline of a tree.  After a series of successive iterations, a tree-shaped image 
appears as shown below.  

 

 

     Figure 3 

 

Fractals fall into two classes:  deterministic (true) fractals and stochastic (chaotic) fractals 
(Mandelbrot, 1977).  Deterministic fractals have three key attributes:  predictability, 
infinite complexity, and self-similarity.  Figures 5 through 8 reflect the predictable 
patterns produced by deterministic fractal equations.  Regardless of the type or number of 



the iterated equation(s), the pattern is consistent throughout the image.  Unlike traditional 
geometric figures such as squares, circles, and triangles, fractals retain infinite 
complexity and significant detail that is visible at any arbitrary scale.  At increasing 
magnification, a curved geometric image loses detail; that is, the image will appear flat in 
the case of a sphere and a two-dimensional image will appear as straight line.  Below is a 
two-dimensional image of a circle with the edge of the circle magnified in stages to 100 
times its original size.  The circle edge continues to lose detail and the image approaches 
a straight line as shown by Figure 4 below.   
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     Figure 4 

In contrast, fractal images contain infinitely complex details. With each successive 
magnification of the fractal image shown below in Figure. 5, greater detail emerges.   
 

        

    Figure 5 

Fractals also retain self-similarity regardless of the number of iterations performed.  At 
increasing magnifications, each part of the object looks exactly like a scaled down copy 
of the entire image.  Figure 6 shows how a fractal image of a fern is made up of a range 
of made up of a range of tiny ferns.  Each leaf of the fern is made up of smaller, reduced 
(self-similar) versions of itself, and this self-similarity continues on forever. 



             

                      Figure 6   
 
The development of deterministic fractals consists of simple rules—a starting initiator 
(image), an iteration formula, and a generator (scaled copies of the original image).  
Examples of deterministic fractals created from these rules are the Koch Snowflake, the 
Sierpinski Triangle, and the Cantor Set.  The images for each fractal show both the 
successive changes resulting from multiple iterations and a magnified section of the 
iterated image reflecting the self-similarity property.   
 
The Koch Snowflake (Falconer, 1990) shown below in Figure 7 is created by using an L-
system generator of the Koch curve (defined as a continuous curve that can not be 
differentiated).  The Koch Snowflake formula is:  

 
          p = (3a)*(4/3)a  

The curve begins with an equilateral triangle.  In the middle of each side, a new triangle 
one-third the size is added; this process is continued for an infinite number of iterations. 
An interesting observation to note about this fractal is that while the number of sides 
continues to increase and the perimeter lengthens infinitely, the area of the snowflake 
remains finite.     
 

    

       

           Figure 7 



The Sierpinski Triangle (Falconer, 1990) shown below in Figure 8, begins with a shaded 
equilateral triangle.  The Sierpinski Triangle formula is:  

                    

The triangle is then split into four equal triangles by connecting the centers of each side 
together and removing the central triangle.  The process is then continuously repeated 
using an IFS generator on the three newly created triangles.  With only five iterations 
completed, the total number of triangles shown below has increased to 121!   

              

 

 

                             

         Figure 8 

 

The construction of the Cantor Set (Falconer, 1990) shown below in Figure 9 is 
achieved by beginning with a straight line of a certain length and creating an initiator by 
removing the middle third of the line.  The formula for a Cantor Set is: 

                 

With the two newly separated line segments, the middle third of those two lines are 
removed.  The process is repeated by using an L-system generator and what remains is 
the Cantor Set.  Because the length of a Cantor Set is 0, the Cantor Set cannot contain 
sections of non-zero length.  However, it still contains an infinite number of points 
because endpoints are not removed when the middle thirds sections are removed.   



 

 

              Figure 9 

The development of Stochastic, also called chaotic fractals, is more complex and these 
fractal forms are linked with chaos systems that include random, or chaotic variables. 
Chaos systems search to apply precise mathematical definition to sensitive, non-linear 
systems (e.g., landscapes) which on the surface appear to be indefinable (Addison, 1997).  
A chaotic system can actually develop in a way that produces ordered structures and 
patterns on a larger scale. It has been found that the presence of chaos may actually be 
necessary for larger scale physical patterns, like mountains to arise.  Fractal geometry 
creates equations to both quantify and visualize the dynamics of chaotic systems by 
applying random variables to deterministic patterns and then iterating the resulting 
equations.  Two leading researchers in the field of complex number fractals are Gaston 
Julia and Benoit Mandelbrot.  Gaston Julia studied the iteration of polynomials and 
rational functions in the early twentieth century.  In the 1970s, Benoit Mandelbrot 
revived the work of Gaston Julia and with the aid of high-speed computers, Mandelbrot 
was able to show the first pictures of one of the most beautiful fractals known today, 
referred to now as the Mandelbrot set (Falconer, 1990).  The Mandelbrot set shown 
below in Figure 10 is a set of points graphed on a complex (real and imaginary numbers) 
plane, the boundary of which forms a fractal. The formula for the Mandelbrot set is: 

               Zn  = Z2 n-1 + C  
 
The values are then iterated in a similar manner to the deterministic fractals.  The 
Mandelbrot set is a wholly connected group of self-similar islets linked by an array of 
twisted fibers branching out around the perimeter. When computed and graphed on the 
complex plane, the Mandelbrot has an elaborate boundary which does not simplify at any 
given magnification.  There is no end to the detail present in the Mandelbrot set as shown 
in the following set of successive magnifications below. 



    

     Figure 10 

In contrast to deterministic fractal generators that produce self-similar objects, stochastic, 
or chaotic fractals like the Mandelbrot set use iterations to produce more nature-like, 
random objects.  Examples are the Brownian motion method, the Diffusion Limited 
Aggregation (DLA) method, and the Midpoint Displacement method.  
 
Brownian motion (named after the Scottish botanist Robert Brown) is the seemingly 
random movement of particles suspended in fluid (Addison, 1997) as shown below in 
Figure 11.  The cause of this erratic motion is bombardment by other, smaller particles in 
the fluid.  The image to the left shows particles surrounded by smaller particles moving in 
different directions.  The image to the right shows how the smaller particles react when 
attracted to the larger particles.  Albert Einstein’s research of Brownian motion enabled 
significant statistical predictions about the speed and motion of particle movement 
randomly distributed in fluids (Addison, 1997). Einstein’s research coupled with that of 
French physicist Jean Perrin also yielded another milestone in science:  the removal of 
any doubts about the existence of the atom (Addison, 1997).  An example of Brownian 
motion occurs when a paper towel is dipped into a glass of water.   

 

 

                                 Figure 11  

Water will defy gravity and “climb” up the fibers of the paper because the water 
molecules’ positive and negative charges are attracted to the positive and negative 
charges in the cellulose molecules in the paper (Addison, 1997).   
 
 



Diffusion-limited aggregation (DLA) is the process whereby particles, undergoing a 
random walk cluster together to form aggregates of such particles. Random walk is a 
mathematical formalization of a trajectory that consists of taking successive random steps 
(Addison, 1997).  For example, the search path of a foraging animal can be modeled as a 
random walk.  This theory is applicable to aggregation in any system where diffusion is 
the primary means of transport in the system and is used to model plant growth 
formations.  The iteration begins with an immobile seed on a plane.  A walker is then 
launched from a random position far away and is allowed to diffuse.  If it touches the 
seed, it is immobilized instantly and becomes part of the aggregate.  Similar walkers are 
then launched one-by-one and each of them stops upon hitting the cluster.  After 
launching several hundred particles, clusters with intricate branch structures are created 
(Addison 1997) as shown below in Figure 12.  

                                    

            Figure 12 

The Midpoint Displacement method (Addison, 1997) is used to map mountain 
ranges, coastlines, and canyons.  For example, constructing a two-dimensional, 
mountain-like surface as shown in Figure 13 is done by taking the middle of a line 
segment and randomly displacing it up or down.  The ruggedness or smoothness of the 
mountain image will change with the decrease or increase of the displacement values, 
respectively.   

 

 

 

 



      

      

        

       

     Figure 13 

A three-dimension fractal mountain image is created the same way, but starts with a two-
dimensional triangle as shown below in Figure 14. 
 

   

          Figure 14 

The use of fractals to make striking images of landscapes, terrain, and vegetation 
(Mandelbrot, 1982) provides visually convincing evidence that fractal geometry has uses 
in wildlife resource management.  A wealth of diverse fractal models exist to aid in the 
characterization of complex landscape patterns that support analysis of species 
abundances, habitat patterns and coastline geometries.  For example, landscapes designed 
to have a given dimension and the associated self-similarity across a range of scales could 
increase the reproductive success of a targeted species or reduce that of a pest.  Fractal 
geometry provides highly effective tools to address the complexity of nature because the 
regular statistical behavior of complex patterns provides quantitative insights into what 
would otherwise be seen as bewildering irregularities that would confound many of the 
traditional approaches to wildlife management (Bissonette, 1997).   

The world of abstract mathematics is rich with vivid images and provocative ideas. The 
study of random processes, modeling of plants, and landscape design are just a few of the 
emerging applications of fractals. This new and exciting area of mathematics, derived 
from the simplest of equations, may someday help us solve some of our most complex 
problems.  As Albert Einstein’s research changed the perception of physics, perhaps 
someday scientists will use fractals to change the perceptions of seemingly random 
images in the natural world. 
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