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From the time of Plato, geometry has evolved from the study of earth measurement to the study of 
shapes and their respective properties.  Topology—often referred to as “rubber-sheet” geometry—
examines geometric forms that remain invariant when subjected to simple or continuous 
deformation changes in shape or size.  Until the 20th century, topology was relegated to an obscure 
field of abstract mathematics with few, if any, practical applications.  Now, this branch of 
mathematics is helping to expand three-dimensional (3D) printing to the next generation of 
fabrication capabilities.   
 
3D printing, also referred to as additive manufacturing (AM), transforms digital designs into 
physical objects by printing successive layers of material until the final product is completed 
(Figure 1).  This technology enables the construction of complex, static shapes with unusual 
geometries using less material than traditional manufacturing methods.  Once limited to creating 
simple prototypes with plastics or polymer resins, 3D printers now employ over 100 different 
materials and can print many diverse objects ranging from consumer products to fossil 
reconstructions.   
 
 

 
 

Figure 1 
 



Four-dimensional (4D) printing—the next generation of additive manufacturing—is producing 
structures that are both dynamic and animate.  By combining intelligent (“smart”) materials 
embedded with mathematical codes, a 4D printed object can self-assemble, reshape itself, become 
bioactive, or change functionality when exposed to external stimuli such as pressure, moisture, 
light, or temperature (Figure 2).  Designing multiple iterations enables testing the reaction of 
stimulus properties and temporal control of material distribution.  These tests often utilize 
topological optimization programs combined with computer-aided-design (CAD) software.  These 
processes are critical to achieving the desired behavior and functionality for a given shape.  
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Figure 2 

 
 

Topology Basics 
Unlike Euclidean geometry which focuses on the measurement of distances and angles for a given 
shape, topology compares the similarity and continuity of features between different shapes and 
their inherent connectivity while ignoring the detailed form. When a geometric shape can be 
stretched, twisted, or bent into another shape without cutting or gluing, the two shapes achieve 



equivalence, or homeomorphism.  Alternatively, two objects are homotopic when one object can 
be deformed into another object, and then back again in a continuous cycle.  
 
Figures 3 and 4 show examples of both simple and continuous object deformations.  In Figure 3, 
the first two shapes, S1and S2, are topologically equivalent because a circle can be stretched into 
an ellipse and then back to a circle again without removing points or cutting the first shape to 
achieve the second shape.  In contrast, S1 and S3 do not achieve equivalence because the circle must 
be cut to change into a half-circle.  Therefore, the circle is topologically equivalent to an ellipse 
but not to a half-circle.  Figure 4 shows an example of a continuous deformation cycle.  A coffee 
cup is continuously deformed until it becomes a torus.  The process then repeats itself to change 
the torus back into a coffee cup. 
 

 

 
 

Figure 3 
 



 

Figure 4 

 

Applying Topology in Manufacturing  
The goal of manufacturing-oriented topology is to optimize material usage within a given design 
space and boundary constraints without compromising structural integrity.  Previous trial-and-
error methods to optimize designs and layouts were inadequate, causing costly delays.  In contrast, 
topology optimization uses a generative approach to analyze and define material boundary 
conditions and constraints.  This process reduces costs and uses software to test multiple 
configurations and to perform virtual experiments through iterations for design optimization.  For 
example, GE Aviation utilized Materialise 3-matic software to re-design an aerospace bracket 
(Figure 5).  The simulation iterations evaluated both stress accumulation and possible topological 
changes and reduced the bracket’s weight by 63%.  Now aided by high-speed computers and 
sophisticated algorithms, the use of topology is rapidly expanding to support AM applications 
using actuation and active origami.  
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In perform actuation—one-way or two-way transformations after exposure to predetermined 
stimuli (Figure 6).  Unlike conventional manufacturing, manual intervention is unnecessary to 
induce topographical or functional changes in an object.  One-way actuation changes materials 
into a specific shape that remains permanent after removing the stimulus.  In contrast, two-way 
actuation, sometimes referred to as reversibility, allows materials to undergo multiple shape 
transformations, and revert to their initial shape after removing the stimulus.  This elastic 
functionality enables products to retain their original shapes—even after severe or continuous 
deformations.  For example, a plumbing pipe could continuously expand or contract in response 
to water flow or temperature and then change back to the original dimensions.   
 
 
 

 
 

Figure 6 

 
 
Active origami enables the controlled sequential folding of objects into complex architectures.  
Named after the 6th-century paper-folding art developed in Japan, researchers are designing self-
evolving structures without the need for human intervention (see Figure 7).  Integrating printable 
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Figure 5 



active composites with shape memory polymer fibers into an elastomeric matrix creates intelligent 
hinges, thereby enabling localized deformations to form 3D spherical structures.  For example, 
retinal implants can change into a 3D shape after being surgically implanted as 2D parylene-C 
sheets.  Another example is 2D polymeric sheets embedded with electronics enabling the 
formation of self-folding miniature robots.  Able to crawl, dissolve, and perform multiple 
functions, these multi-task robots may become the nano surgeons of tomorrow. 
 
 

 
 

Figure 7 

 
Technical Challenges 
4D printing encourages a versatile, highly collaborative way to design and manufacture a host of 
diverse products.  Although promising, this technology still has many technical challenges, 
including material limitations, design complexity, and structural weaknesses.  To achieve 
commercial viability, 4D printing must overcome these mechanical deficiencies and discover more 
efficient methods of incorporating smart structures into mainstream products. 
 
Unlike parts made from injection molds, an AM printer deposits layers in a single direction, 
resulting in a mixture of isotropic and anisotropic properties.  Isotropic materials have identical 
properties in all directions.  In contrast, materials that exhibit uneven strengths and weaknesses in 
each direction are anisotropic.  Failure to achieve isotropy affects mechanical adhesion—a 
condition where the layered surfaces are not fully adhered to each other even when heat is applied 
to melt the layers together, and is a significant cause of breakage and structural weakness. 
 
Other factors affecting 4D product quality include delays between depositing the layers, the 
printing speed, and functional fatigue resulting from repeated actuation.  Unexpected delays 
between depositions of successive layers can lead to cold joints, causing weak bonding between 
the layers, and changes in printing speed can produce high joint oscillations, resulting in one or 
more material layers to deteriorate.  Functional fatigue resulting from repeated actuation can 
undermine durability and may result in material degradation.  Addressing these and other technical 
issues is a critical step to facilitate future benefits and avoid dangerous pitfalls in 4D printing.  
 
 



Next-Generation Solutions for Technical Challenges 
To advance AM from creating prototypes and customized, low-volume products to supplying a viable 
solution for competitive manufacturing relies on overcoming design and technological limitations.  Other 
roadblocks include the costly analysis of material stress, repeatability, and multi-phase 
transformations that can result in large model sizes and long computational times.  Integrating 
topological optimization with analyses models and artificial intelligence applications, and reducing 
anisotropic layering defects are some of the next-generation solutions to advance 4D printing capabilities and 
minimize waste.  
 
Sensitivity analysis (SA) models analyze outcome effects after changing one or more input variables.  4D 
fabrications and functionalities involving thousands or even millions of data points are infeasible for 
conventional software programs.  In situations where numerous, interdependent variables are included in 
intricate designs, non-linear surfaces, or shape deformations, an adjoint SA approach provides a superior 
framework to solve optimization problems.  Adjoints utilize a forward, backward, or combination approach 
to simulate design sensitivities. Software programs like COMSOL Multiphysics® incorporate a robust 
toolbox containing sophisticated analysis models, topology optimization, solvers, and multi-physics 
simulations.  Figure 8 below shows how COMSOL’s physics interfaces analyze relevant criteria to 
predict—and improve—a material’s mechanical and microstructural effectiveness while reducing 
overall computational time and costs. 

 
 

Figure 8 
 
Artificial intelligence (AI) is a rapidly developing technology with numerous applications in 
materials science.  Machine learning (ML), a branch of AI (Figure 9), can organize vast amounts 
of data and create new algorithms to learn and improve processes independently without human 
assistance.  Open-sourced ML software packages such as SciKit-learn, Keras, and Pytorch, can 
commoditize 4D data set simulation models and assist in discovering new material properties.  
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PrintFixer—an ML-based software is designed to increase accuracy and reduce waste.  This 
effective incorporation of ML with topology optimization could enable promising applications in 
large-scale engineering structure design, reducing waste and manufacturing costs.  
 
  

 
 

Figure 9 

 
While AM printers allow the printing of objects with unusual geometries impossible to achieve 
using conventional manufacturing processes, they have a serious mechanical flaw:  printing a 
product by layers instead of using injection molding often results in weak adhesion during the 
printing process.  Researchers at Texas A&M University working with scientists at Essentium 
Company devised a two-part solution.  First, the surface of each layer was coated with carbon 
nanotubes—carbon particles that heat in response to electrical currents.  Second, a non-contact 
dielectric barrier discharge (DBD) plasma electrode was mounted concentrically around the printer 
nozzle, which heated the nanotubes and bonded the layers together.  Initial tests using the DBD 
produced products with the same isotropic properties of injection-molded parts, thereby achieving 
a critical milestone in the widespread acceptance of AM manufacturing.     
 
 

Conclusion 
Topology is evolving from an obscure branch of abstract mathematics to an essential tool for the 
AM industry.  From structural optimization to active origami, topology is assisting engineers to 
overcome the design limitations of traditional manufacturing processes. 4D printing, the next 
generation of AM, is adding a new dimension to product customization and functionality by 
imbuing structures with unique properties.  Integrating topological optimization is providing 
solutions to overcome boundary and other design constraints for fabricating products with unusual 



geometries.  As the demand for innovative products with unique properties increases, topology 
will have a crucial role in the quest to create products that will change and grow throughout their 
lifecycle.   
  
While advances in software and hardware applications continue, limitations still exist within this 
maturing industry.  Inconsistent adhesion, material fatigue, and cold joints are a few of the 
challenges hindering the widespread acceptance of AM.  More research and experimentation is 
needed to solve existing issues and improve 4D fabrication versatility.  The more complex the 
product architecture and the capabilities desired, the more essential the role of sophisticated 
topology optimization to ensure that the finished material will perform as intended.  While 
challenges remain, AM’s transformative potential to disrupt and improve current and emerging 
products and services is changing the face of 21st –century manufacturing. 
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